Let <G +> be an abelian group. A ring R with additive group ζR +> isomorphic to (G -f-> is a ring on G. G is nil (radical) if and only if R 2 = (0) (R is nilpotent) for all rings R on G. It is shown that G is a mixed radical group if and only if T is divisible and G/T is radical, where T is the maximal torsion subgroup of G. Thus, the study of radical groups is reduced to the torsion free case. A torsion free group G is of field type if and only if there exists a ring R on G such that Q ® R is a field. It is shown that a torsion free group of finite rank is radical if and only if it has no strongly indecomposable component of field type. It follows that finite direct sums of finite rank radical groups are radical. If G is torsion free an element x e G is of nil type if and only if the height vector h(x) = <m z > is such that 0 < m* < °° for infinitely many i. Multiplications on torsion free groups all of whose nonzero elements are of nil type are discussed under the assumption of three chain conditions on the partially ordered set of types. Two special classes of rank two torsion free radical groups are characterized. An example is given of a torsion free radical group homogeneous of non-nil type, and a simple condition is given for such a homogeneous group to be nonradical. JL Radical groups-the torsion and mixed case* Several authors ([4] , [7] , [8] , [9] ) have studied abalian groups which admit only a trivial ring structure. These are called nil groups.
We wish to consider a larger class of abelian groups-those abelian groups which admit only a nilpotent ring structure. More precisely: DEFINITION 1.1. Let (G +> be an abelian group. A ring R with additive group ζJR +^> isomorphic to ζG +)> is called a ring on G. DEFINITION 1. 2. An abelian group 6 is a radical group if and only if whenever R is a ring on G we have R k = (0) for some positive integer k.
Hereafter we use the word group to mean abelian group. In [4] it is shown that a torsion group is nil if and only if it is divisible. The same theorem and proof hold with "nil" replaced by "radical", so in the torsion case radical and nil groups coincide.
For mixed groups we have the following simple result. THEOREM 
Let G be a mixed group with maximal torsion subgroup T. Then G is radical if and only if T is divisible and GJT is radical.
Proof. Let G be a mixed radical group with maximal torsion subgroup T. T must be divisible, for otherwise G would have a cyclic direct summand and would not be a radical group. Since T is divisible we have G = Γφί 7 , and clearly F must also be a radical group.
Conversely, let G be a mixed group such that T is divisible and G/T is radical. Assume G is (isomorphic to) the additive group of some ring. Since T is torsion divisible we have T 2 = (0); and because T is an ideal in any ring on G, the given multiplication on G induces a multiplication on G/T. Since G/T is radical we have (G/T) k = (0) and thus G 2k = (0). Hence, G is radical.
2* Torsion free radical groups of finite rank* It is clear from §1 that the study of radical groups can be reduced to the torsion free case.
In this section we use the results of [1] and [5] to obtain a necessary and sufficient condition that a torsion free group of finite rank be radical and to obtain some information about direct sums of radical groups.
First we recall some definitions and results from [1] and [5] . f are of bounded order. In [5] it is shown that if A is a torsion free group of finite rank, we have A ~ A ι © 0 A x with each A t strongly indecomposable in the sense that A { is not quasi-isomorphic to a direct sum of two nonzero torsion free groups. This is called a quasi-decomposition of A and the A< are called the strongly indecomposable components of the decomposition. Moreover, it is shown that if A Ã Θ * Θ A t and A ~ B ι © φ B n are two quasi-decompositions of A into strongly indecomposable components, then I = n and with suitable rearrangement, A { ~ B { for all i. DEFINITION 2.2. Let G be a torsion free group. G is of field type if and only if there exists a ring R on G with Q (x) R a field. Here Q is the field of rational numbers, the tensor product is taken over the integers, and the ring multiplication on R is extended to Q (x) R in the obvious way.
In [1] it is shown that if R is a torsion free ring of finite rank, Proof. This is a special case of Corollary 2.7 of [1] and is easy to verify directly.
The following theorem was suggested by R. S. Pierce.
THEOREM 2.1. Let A be a torsion free group of finite rank. A is radical if and only if A has no strongly indecomposable component of field type. (By our earlier remarks this will not depend on the particular quasi-decomposition of A chosen.)
Proof. Let A be a torsion free group of finite rank which is not radical. Then there exists a non-nilpotent multiplication on A. For i ^ 2 we write each M % ~ Ml © -φ M\-and N^N, © --© Nt where the M{ and the JV, are strongly indecomposable components of the groups M { and N. We note that A -Σt, ΣKi θ M> φ Σί.i ®-N* is a quasi-decomposition of A into strongly indecomposable components for which each of the groups Ml, , Ml 1 is of field type. The converse implication follows immediately from Lemma 2.1.
COROLLARY.
Let A l9 -> ,A k be torsion free radical groups of finite rank. Then A, φ © A k is radical.
We note that the corollary is false for countable direct sums of rank one torsion free nil groups. For a counterexample, choose a sequence of subgroups of the additive rationals A]CA 2 c •• ci fc c
nil of rank one. Let R = {a v x + α 2 ar + + a n x n \a.ι e A,}. We make R into a ring via the usual polynomial operations. Then R is a ring on ΣΠ:iφ^4ΐ which is a Jacobson semisimple ring.
As in [4] , if A is any torsion free group with aeA and p L ,
is the sequence of prime integers in their natural ordering, we let h(a) = <(m /f )> with 0 g m k ^
for all k each m k being defined by the condition p™ k X -a is solvable in A, but ρΐ hrl X -a is not solvable in A. The sequence <m fc > is called the height vector of a in A.
We define an equivalence relation on the set {h(a)\aeA} by Proof. We combine Theorem 2.1 and the observation that if M is the additive group of a ring with Q (x) M a field, then M is homogeneous of non nil type.
COROLLARY. For an arbitrary torsion free group G the following conditions are equivalent:
(1) H(x) is nil for all nonzero x e G.
(2) All finite rank pure subgroups of G are radical.
Proof. 1 -> 2 is immediate from Theorem 2.2 and the definition of purity. 2 -> 1 since H(x) is just the type of the rank one pure subgroup of G generated by x, and it is well known that a rank one torsion free group is radical (nil) if and only if it is of nil type.
We close this section with an interesting observation due to Pierce. The example following Theorem 2.1 shows that a group G with all elements of nil type need not be radical. If such G is also of finite rank, then by the Corollary to Theorem 2.2, it is radical.
As in [4] , if α, 6 e A, A a torsion free group, we say
This defines a partial ordering on the set H = {H(a)\a e A}. It is well known that if A is of finite rank, then H satisfies the ascending and descending chain conditions.
In this section we study multiplications on groups with all elements of nil type, under the assumptions of three chain conditions on H. We prove a lemma which will be useful throughout. LEMMA 
Let A be a torsion free ring with elements a, b of nil type. Then H(ab) > H(a) or H{ab) > H{b).

Proof. Clearly H(ab) ^ H(a) and H(ab) ^ H(b). Let h(a) = <m,>, h(b) = <> ( >, h(ab) = <Z f >. If H(ab) = H(a)
, then l t = m t for almost all t. Since l t :> m t + n t , then n t = 0 for almost all t such that l t < c:°.
So for all t, we have l t ^ n t , and for the infinitely many t with 0 < l t < c , we have 0 = n t < l t . Thus H(ab) > H(b). THEOREM 
Let G be a torsion free group with all elements of nil type and let H be the set of types of elements of G. Assume that the lengths of all strictly ascending chains in H are bounded by some fixed positive integer n. Then G is radical.
Proof. Let G be as above and assume that G is the additive group of some ring. For all positive integers k, let V k = {xeG\3, } , • , y k such that H{x) > H(y 2 ) > > H(y k )}, and let G k be the subgroup of G generated by the elements of V k .
We have G = G, 2 G 2 a a G* 2 is a descending sequence of subgroups of G, and by Lemma 3.1 we note that G\ £ G k+ι for all k. Our hypothesis says that G n+1 = (0). The result follows. 
Proof. Suppose we have {defined a multiplication on G as above for which β(G) Φ G, where β(G) denotes the Baer radical of G Let T be the set theoretic complement of β(G) in G and V -{ye T\H(y) is maximal in T). Let 1= {x + β(G) \ x + β(G) = ΣU V* + β(G), y i e V}.
It is easy to check that / is a nonzero ideal in the ring Gjβ(G) and that P = (0). (Lemma 3.1) This is a contradiction, so we must have β(G) = G for all multiplications on G. THEOREM 
Let G be a torsion free group with all elements of nil type and H be its set of types. Assume that for all xeG there exist elements x ly , x x of G and positive integers n u , n t such that x = x x + + x t and the length of any strictly ascending chain in H starting with H(x,) is bounded by n iy i -1 I. Then any ring on G is a nil ring.
Proof. Let G be as above. For all positive integers n, let V n = {x e G\ 3 no y 2 , , y n eG such that H(x) < H(y 2 ) < < H{y n )}, and let G n be the subgroup of G generated by the elements of V n . We have (0) = Gi S G 2 S £ G w £ is an ascending chain of subgroups of G. Applying Lemma 3.1, we have for any ring on G G\ £ G n _! for all n ^ 2. The assumption of our theorem says that £7~= 1 G n = G. The result follows.
4. Rank two torsion free radical groups. In this section we use the rank one groups defined in [3] to give a simple characterization of two classes of rank two torsion free radical groups.
We recall some definitions and results from [3] . Let G be a torsion free rank two group with independent elements x and y. Let 
Proof. Suppose that G is a radical but not nil torsion free group of rank two. Then there exists a multiplication of G such that G 3 = (0) but G 2 Φ (0). It is easy to prove directly (see [1] ) that for such a ring on G we can find xeG such that x and x 2 are rationally independent. Let A, A o and B, B o be the rank one groups belonging to x and x 2 respectively. Let ae A. Then ax + βx 2 e G for some β e Q, whence <ra Finally, we show A, B o , B are nil groups. Let <&<> = ^(1), <&<> = hjJX), <ii> -Λ B (1), <O -^o(^ ) ^e *^e height vectors of the integer 1 in the four groups as indicated by the subscripts. Because of the containment relation we have k\ <S k { ^ l\ ^ l t . Since A/A o = -B/β 0 it is easy to check that k { -k* = l { -l\ for all i, with the convention 00 -00=0,00-^=00 ίor n finite. We note that H(A) must be nil, for otherwise k t -0 or k t = °o for all but a finite number of i. This would imply that k t -k% l { = ΪJ for all but a finite number of i, and when ^ Φ k°i 9 lι Φ l\ all are finite. But then G^iφ5 and A is not a nil (radical) group-a contradiction. Similar arguments show that B o and 2? are nil.
Conversely, let G be a torsion free group of rank two with independent elements x, y and groups A, A Q ; B, B Q belonging to x and y satisfying Conditions 1 -3 of our theorem. For any ring on G, Proof. Let G be rank two strong radical with x, y rationally independent. Let A, A o ; B, B Q be the groups belonging to x and y. We note that A and B are homomorphic images of G via the homomorphisms θ and φ given by θ(ax + βy) = a, φ(ax + βy) -β. Thus, A and B are rank one radical. Thus H(A), H(B) are nil.
Conversely, let G be torsion free of rank two and not strong radical. Then there exists an onto homomorphism θ: G -> T, where T is torsion free and not radical. If rank T -1, choose 0 Φ t e T and geG with θ(g) = t. Choose 0 Φ n e ker θ. Then ζg, n) is a maximal independent set in G with rank one groups A, A Q ; B, B Q such that A = T. We have H(A) = H(T) is not nil.
If rank T = 2, G = T, and we can assume G is not radical. Since G is rank two and not radical, we have G is of field type or G Ũ 0 V where U is a rank one group of field type. In the first case, Theorem 5 of [3] says that we can find independent elements x, y such that A and B are not nil. In the second case, it is easy to construct a maximal independent set ζx, y) in G such that the rank one group A belonging to x is not nil. This proves the theorem. 5* Torsion free groups homogeneous of non^nil type* In this section we show that, even for groups of rank two, the converse to Theorem 2.2 is false. We give a simple theorem giving one case in which a homogeneous non-nil type group is not radical.
The following is an example of a torsion free rank two radical group which is strongly indecomposable and homogeneous of type [<0, , 0 
